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Abstract It is shown that an HKT-space with closed parallel potential 1-form has 
D{2, 1; —l)-symmetry. Every locally conformally hyperkahler manifold generates this type 
of geometry. The HKT-spaces with closed parallel potential 1-form arising in this way are 
characterized by their symmetries and an inhomogeneous cubic condition on their torsion. 


Introduction 


HKT-geometry is a metric geometry with multiple complex structures that arises in various 
physical theories, including supersymmetric non-linear sigma models, type IIA string theory, 
and black hole moduli. Good references for the physical background are § and |8| and 
the citations therein. For a mathematical approach, we refer the reader to |Q]. Since 
the geometry is typically hyperhermitian and non-Kahlerian, it is of great interest and 
challenging to find potential functions |^]. 

In the context of multi-particle quantum mechanics, Michelson and Strominger studied 
the phenomenon of superconformal symmetry. Motivated by application to dynamics of 
black holes Q, they demonstrated in |8| a relation between a D{2,l;a) superconformal 
symmetry and classical differential geometry on HKT-manifolds. Given supersymmetry 
such as this, potential functions are already found [1^| |^]. 

On the other hand, a maximum principle argument shows that potential functions could 
not exist on compact manifolds . We therefore replace locally defined potential functions 
by a globally defined closed 1-form in our consideration (see Definition We focus on 
the case when the potential 1-form is parallel with respect to the HKT-connection in this 
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investigation. Combining Corollary ^ and Proposition we obtain the following result in 
this direction. 

IfV is the dual vector field of a closed parallel potential 1-form 9 of the HKT-space with 
metric g and hypercomplex structures then 

dO = 0, Lyg = 0, Ci^vg = 0, 


Conversely, if there is such a vector field on an HKT-space, then the dual 1-form is a parallel 
potential function. 

Due to a theorem of Michelson and Strominger Q, this type of symmetry is a degenerate 
version of D{2, 1; a) symmetry, namely D{2, 1; —1). Since the above symmetry makes sense 
on the HKT-space, we shall refer to it as D(2,1; —l)-symmetry in this paper despite an ap¬ 
parent singularity that occurs in the structural equations [P, 3.44]. Due to an isomorphism 
among superalgebras with different parameters |^, Proposition 2.5.4], D{2, 1; —1) is isomor¬ 
phic to D{2, 1; 0) and D{2, 1; oo). This equivalent class of superalgebras is featured to have 
one decoupled SU{2). In this paper, we interpret D{2, 1; —1) symmetry after Michelson and 
Strominger’s theorem ]^, 3.56]. A precise description is given in Definition IT. Through a 
construction, we shall prove the following observation. 

If {M, g, Ii, I 2 , 13 ) is a locally conformally hyperkdhler manifold whose Lee form is par¬ 
allel with respect to the Levi-Civita connection, then there exists an HKT-metric g such 
that the Lee form of g is a potential 1-form of g, and is parallel with respect to the HKT- 
connection of g. 

As a result in potential theory, the above observation supplements what is already 
known for HKT-spaces with D(2,1; a)-symmetry when a —1,0, 00 . From a geometric 
perspective, it implicitly links HKT-geometry to Weyl geometry, quarternionic geometry 
and Sasakian geometry through the theory of locally conformally hyperkahler manifolds. 

We conclude with a discussion on how to distinguish the class of HKT-spaces associated 
to locally conformally hyperkahler manifolds. 

Throughout this article we adopt the conventions in ]]|] and |^. Here we warn casual 
readers that the concerned metrics for locally conformally hyperkahler structure and its 
associated HKT-structure are in different conformal classes. 


1 HKT-Manifolds 

A Hermitian structure on a smooth manifold M consists of a Riemannian metric g and an 
integrable complex structure J such that for any tangent vectors X and Y on the manifold 
M, 

g{JX, JY) = g{X,Y). 

A triple of integrable complex structure Ir, r = 1,2,3, forms a hypercomplex structure on 
the manifold M if they satisfy the quaternion relations: 

II = II = II = I, / 1/2 = Jg = -l2h . 
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If each complex structure Ir with the metric g forms a Hermitian structure, then 
(M, g, Ii, I 2 , 13 ) is said to be a hyperhermitian manifold. 

We denote Fr the fundamental two-form associated to the complex structure Ir and we 
observe the convention; 

Fr{X,Y)=g{IrX,Y). 

For a /c-form uo let 

{IrC0){Xi,...,Xk) = {-l)^OjiIrXi,...,IrXk). (1) 

The complex operators dr, dr and dr are respectively defined as: 


1 — 1 

drco = {— 1 )^ IrdIrOJ for a /c-form uj, dr = -^{d + idr), dr = -{d — idr). 


Definition 1 A linear connection D with torsion tensor on M is called hyperkahler 
with torsion if 

(i) it is hyperhermitian: DIi = DI2 = DI3 = 0, Dg = 0 and 

(a) the tensor field c defined by c(X,Y,Z) = g(T^(X,Y), Z) is a 3-form. 


Such a connection is denoted HKT by physicists |^] and we shall preserve this name. 
Among mathematicians, HKT-connection is also known as Bismut connection for each of 
the complex structures A |3|. Using the characterization of the Bismut connection and 
the fact that it is uniquely associated to a Hermitian structure, one obtains the following 
equivalent observation |Q] p: 

Proposition 2 On any hyperhermitian manifold [M,g,Ii, 12 , 13 ), the following two condi¬ 
tions are equivalent 

(i) diFi = ^ 2^2 = ^ 3 .^ 3 . 

(a) di{F2 + iF3) = 0 . 

An HKT-connection exists if and only if one of the above two conditions is satisfied. When 
it exists, it is unique. 

As demonstrated in [^ , an efficient way for constructing examples of HKT structures is 
the use of HKT potentials. These are generalizations of hyperkahler potentials 

Definition 3 Let (M, g, Ii, I 2 , 13 ) be an HKT manifold. A (possibly locally defined) func¬ 
tion /r:C/CM—>Rzsa potential function for the HKT structure if 

Fi =-^{ddi-I d2d3)g, F 2 =-^{dd2-I d3di)g, F 3 =-^{dd3-\-did2)g. ( 2 ) 

Alternatively, the potential function g is characterized by 

F 2 -|- iF 3 = 2dil2dig. (3) 


Potential functions do not always exist. When one exists, the torsion form of an HKT 
structure deriving from a potential g is: 

c = -^did 2 d 3 g = -diFi = -d 2 F 2 = -^ 3 / 3 . 
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As an example, the function log^j \zi\‘^ is an HKT potential on C^"'\{0}. Moreover, it 
descends locally to the Hopf manifold x 

This should be noted that like Kahler potentials, HKT-potentials could not exist globally 
on compact manifolds due to a typical maximum principle argument Q. Moreover, a generic 
HKT-manifold is non-Kahlerian and the 55-lemma is not applicable. Therefore, we propose 
to develop a global version of potential theory through the Poincare Lemma for 1-forms. 

Definition 4 A one-form u is a potential 1-form for an HKT-manifold {M, g, Ii, I 2 , 13 ) if 
the fundamental two-forms are given by 

1 '-I - 1 

Fi =-(dwid2‘^3), F 2 =-{(ko 2 +d^uji), F 3 =-(dws(4) 

where ujr ■= Ir^- A potential 1 -form is closed if duj = 0. 

In such terminology, the HKT-structure on Hopf manifolds has a globally defined po¬ 
tential 1-form. Implicitly, Poincare Lemma provides the locally defined potential functions 
whenever a potential 1-form exists and is closed. Moreover, the torsion 3-form is now given 

by 111 

c = --did 2 W )3 = --^d 2 d 3 UJi = --d 3 diuj 2 . (5) 

2 Parallel Potential Forms 

In this section, we analyze the structure of HKT-spaces with parallel potential 1-forms. 
Since HKT-connections are Riemannian connections, vector fields dual to parallel potential 
forms are parallel. Therefore, we extend our investigation to parallel vector fields in general 
briefly, before we focus again on potential 1-forms and their dual vector fields. 

Lemma 5 Let V be a vector field on an HKT-space. The following statements are equiva¬ 
lent: 

(i) V is parallel with respect to the HKT-connection D. 

(a) V, IiV, I 2 V, I 3 V are parallel with respect to the HKT-connection D. 

(in) V, IiV, I 2 V, I 3 V are Killing vector fields with respect to the HKT-metric. 

Proof: Since HKT-connection preserves the hypercomplex structure, the equivalence be¬ 
tween the first two statements are obvious. 

For any vector fields W, Y, Z, as D is a metric connection, we have the identity 

/:wg{Y,Z) = g{DYW,Z)+g{Y,DzW)+g{T^{W,Y),Z)+g{Y,T^{W,Z)) 

= giDyW, Z) + g{Y, DzW) + c(lT, T, Z) + c{Y, W, Z). 

Since c is totally skew, we have 

Cwg{Y, Z) = giDyW, Z) + g{Y, DzW) (6) 
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Applying this identity to the vector fields V, IiV, I2V, I3V and using the fact that the HKT- 
connection preserves the hypercomplex structure, we derive the implication from the second 
statement to the third. 

Conversely, if the vector fields V, I^V, I2V, I3V are Killing, we apply the above identity to 
V to conclude that the symmetric part of DV is equal to zero. Let /3 be the skew-symmetric 
part of DV, i.e., DV = ( 3 . Since the connection preserves the complex structures, the above 
identity is equivalent to 

g{DY{IrV), Z) = gilrDyV, Z) = -( 5 {Y, UZ). (7) 

On the other hand, as the vector fields are Killing, 

g{DY{IrV),Z) + g{Dz{IrV),Y) = {C^^I^v)9){Y, Z) = 0. (8) 

Therefore, /3(y, + ( 3 {Z, I^Y) = 0. Then 

( 5 {Y,hZ) = -P{Z,hY)=P{hY,Z)=P{l2l3Y,Z) 

= PihY, I2Z) = f 3 {Y, I3I2Z) = -PiY, hZ). 

Therefore, /3 = 0. This implies that DV = 0. q. e. d. 


Lemma 6 Suppose that V is a parallel veetor field with respect to the HKT-connection D. 
Let 9 he its dual 1-form with respect to g. Then 

d6 = iyc, dOr = (9) 


Proof: Let 0 < m < 3. Let Iq denote the identity endomorphism on tangent space. For any 
vector fields X and Y, 


d 9 m{X,Y) = X{KiY))-Y{e^{X))- 9 m{[X,Y]) 

= X{g{ImV, Y)) - Y{g{I^V, X)) - g{I^V, [X, K]) 
= gilmV, DxY) - g{ImV, DyX) - g{I^V, [X, K]) 
= g{I^V, T^iX, Y)) = c{ImV, X, Y). 


q. e. d. 


Lemma 7 Suppose that V is a parallel vector field with respect to the HKT-connection D. 
It is parallel with respect to the Levi-Civita connection V of the metric g if and only if 
iyC = 0. 

Proof: This is due to the identity g{VxV, Y) = g{DxV, Y) + c{X, V, Y) = c(X, V, Y). 

Next we investigate the behavior of the vector fields V, fiV, I 2 V, I 3 V with respect to the 
hypercomplex structure {fi, 12 , 13 }. 
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Lemma 8 If —29 is a closed potential 1-form and is parallel with respect to the HKT- 
connection, then Cylr = 0 and Ci^vh = 

Proof: Since the vector fields V, IiV, I 2 V, I^V are Killing vector fields, it suffices to show 
that CvFr = 0, and Ci^yFs = e^^^Ft. 

In the following computation, we use the results in Lemma ^ extensively. For any 
tangent vectors X and Y , 

LvdFriXX) = {ivIrC){X,Y) = -c{IrV,IrX,IrY) = -dOr^rX, PY) = (X, K). 

On the other hand, tvFr{X) = g{pV,X) = 9r{X). Therefore, 

CyFr = iydFr + dlyFr = —PdOr + dOr- 
As the torsion form is of type ( 1 , 2 ) + ( 2 , 1 ) with respect to all P, 

c(Z,X,Y) = c(Z,pX,PY) + C(PZ,X,PY) + c(PZ,pX,Y). ( 10 ) 

Substitute Z by PV and apply Lemma we have 

d9r(X, Y) = PdOriX, Y) - de{X, PY) - de{px, Y). 

Therefore, CvFr{X,Y) = -dB{X,pY) - de{pX,Y). As 9 is closed, CyFr = 0 . Next, 

ii^vFr{X) = Fr{PV,X) = g{I^V,X) = -9{X). ( 11 ) 

With Lemma we have 

Li^vdFriX, Y) = ti^vPciX, Y) = -c{I^V, PX, PY) = c(K, PX, PY) = Pd9{X, Y). ( 12 ) 
Therefore, 

Fi^vFr = Li^vdFr + dii^vFr = PdO — dB. ( 13 ) 

Since dB = 0 , Ci^yFr = 0 . Finally, 

ii.vMx) = F2 {IiV,X) = gihhV.X) = -^X). ( 14 ) 

By Lemma ^ and (|^) , 

ii,vdF2{X, Y) = Li.vhciX, Y) = hcihV, X, Y) = c{hV, pX, PY) 

= c{pV, PPX, PPY) + c(/|K, pX, PPY) + c{llV, PPX, PY) 

= C{PV, pX, PY) + c{V, pX, PY) + c(F, pX, PY) 

= PdBsiX, Y) + dB{pX, PY) + dB{pX, PY). ( 15 ) 

Therefore, 

Ci,vF2iP,Y) = -d93{X,Y) + Pd93iX,Y) + d9iPX,PY) + d9iPX,PY). ( 16 ) 
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On the other hand, if —29 is a potential 1-form, then dO = 0. It follows that 

C-hvF2 = —dOz + hdOz- 

In addition, 

Fz = \{d{-2ez) + di(-202)) = -dh + hdhhe = -dOz + hd^- 

Therefore, Ci^vF 2 = Fz- q. e. d. 


Summarizing the results in Lemma ^ and Lemma in the context of parallel potential 
1-forms, we have the next result. 

Corollary 9 Suppose that —29 is a closed potential 1-form and parallel with respect to the 
HKT-connection. If V is the dual of 9 with respect to the HKT-metric g, then 

Cvg = 0, = 0) Fi^vls = (17) 

Comparing with |^, (3.56)] and keeping in mind that the dual 1-form 9 is closed, we 
conclude that the HKT-space in question is induced by the Zi)(2,1; —l)-supersymmetry. 
Although such supersymmetry is singular as seen in |^, (3.44)], we retain the notion of 
D{2, 1; —l)-symmetry. To be precise, we make a definition. 

Definition 10 A D{2, 1; —l)-symmetry on an HKT-space is a vector field V satisfying the 
conditions in & and whose dual 1-form 9 is closed. 

In previous investigation on potential functions [^], such symmetry was not exten¬ 
sively studied due to degeneracy of supersymmetry. Below is a remedy. 


Proposition 11 Suppose that a vector field V generates a D{2,1\—1)-symmetry on an 
HKT-space. Let 9 be the dual vector field. Then —29 is a parallel potential 1-form. In 
particular, local potential function exists. 


Proof: By definition, V, IiV, I 2 V, IzV are Killing vector fields. By Lemma V is parallel 
with respect to the HKT-connection. In particular. Lemma ^ is applicable. With it, we 

( 0 ), 


obtain equation (^). With identity (^), we obtain equation (|16|). Since 9 is closed, 
FhvF 2 = —d9z + Iid9z. On the other hand, as IiV is a Killing vector field and = h, 

it follows that Ci^vF 2 = Fz. Therefore, 


Fz = -d9z + Iid9z = -{d{-29z) + di{-292)). 


The above calculation is repeated with the indices permuted to conclude that —29 is a 
potential 1-form. q. e. d. 


Remark: By Lemma and Lemma ^ closedness of 9 along with the parallelism of the 
dual vector field V together implies the vector field of symmetry is parallel with respect 
to the Levi-Civita connection of the HKT-metric g. In view of Lemma P, it implies that 

Cylr = 0. 
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3 Locally Conformally Hyperkahler Manifolds 


Locally conformally hyperkahler manifolds have been studied in relation to Weyl geometry, 
quaternionic geometry as well as Sasakian geometry |^. In this section, we demon¬ 
strate a way to generate HKT-structures with D{2, 1; —l)-symmetry and parallel potential 
1-form from a locally conformally hyperkahler structure. We begin our investigation with 
a review of definitions. 

Definition 12 (i) A hyperhermitian manifold (M, g, Ii, I 2 , 13 ) is called hyperkahler if the 
Levi-Civita connection of g parallelizes each complex structure 1^: VIr = 0. 

(ii) A hyperhermitian manifold (M, g, Ii, I 2 , 13 ) is called locally conformally hyperkahler 
if there exists an open cover {Ui} such that the restriction of the metric to each Ui is 
conformal to a local hyperkahler metric gt: 

g\u. = e^^g^, fi G C^u^. (18) 


We shall focus on the second notion. Taking = dfi, the condition ( p^) is equivalent 
to the existence of a globally defined one-form 0 satisfying the integrability conditions: 

dFr = eAFr, r = l,2,3. (19) 

The standard example of locally conformally hyperkahler manifold is the Hopf manifold 
= (]HI\{ 0 })/r 2 , where r 2 is the cyclic group generated by the quaternionic automor¬ 
phism (gi,...,g„) I— > {2qi, ...,2qn). The hypercomplex structure of El" is easily seen to de¬ 
scend to Moreover, the globally conformal hyperkahler metric (Yli Yli d-Qi ® dq^ 

on ]HI"\{0} is invariant to the action of r 2 , hence induces a locally conformally hyperkahler 
metric on the Hopf manifold with Lee form 

Q ^ T^MidAi + dMi) 

Ei gidi 

Note that, as in the complex case, Lfg is diffeomorphic with a product of spheres x 
Consequently, its first Betti number is 1 and it cannot admit any hyperkahler metric. Other 
examples are presented in [^] where also a complete classification of compact homogeneous 
locally conformally hyperkahler manifolds is given. 

One should note that locally conformally hyperkahler manifolds are hyperhermitian 
Weyl and as such, Einstein-Weyl Ricci-flat (here, the conformal class is that of g and the 
Weyl connection is constructed out of the Levi-Civita connection of g and the Lee form). 
Hence, if compact, one applies a well-known result of Gauduchon |p, to obtain the existence 
of a metric go, conformal with g and having the Lee form parallel with respect to the Levi- 
Civita connection of ^o- The metric we just wrote on the Hopf manifold has this property. 
Therefore, when working with compact locally conformally hyperkahler manifolds, one can 
always assume the metric with parallel Lee form. We shall need the following computational 
result [T^ : 



Lemma 13 Let {M, g, Ii, I 2 , 13 ) be a locally conformally hyperkdhler manifold with parallel 
Lee form 9. Let Or = Ird- Assume that 6 has unit length. Then 

dOr = 9 A 9r — Fr- (20) 


It should be noted that the unit length condition may achieved by rescaling g by a 
homothety and that 


LrdOr = IrG A LrOr — LrFr = —9r A 9 — Fr = dOr- 


( 21 ) 


Also, 

IrdFr = Lr9 A LrFr = 9r A Fr- (22) 

That the Hopf manifolds admit HKT structures is not by chance. We can state: 

Theorem 14 Let {M, g, Li, L 2 , 13 ) be a locally conformally hyperkdhler manifold with par¬ 
allel Lee form 9. Assume that 9 has unit length. Then the metric 

g = g - ^{9 (g> 9 + 9i (g> 9i-A 92 (g> 92 + 93 (g) 93 } (23) 

is HKT. Moreover, 9 is a closed potential 1-form for g. 


Proof: Let 52 = ^ ^ + 6*1 0 + ^2 ^2 + ^3 ® ^3 be the restriction of the metric g on 

the quaternionic span of the vector field V. Let gi be the restriction of the metric g on the 
orthogonal complement of the quaternionic span of V. Then the metric g pointwisely and 
smoothly splits into two parts g = gi + g 2 - Since the norm of 0 and its dual vector field V 
have unit length with respect to g, the bilinear form g is equal to gi + ^g 2 . In particular, 
this is a Riemannian metric. 

Note first that, due to (||) we have: 

IrFr = Fr, AT, = -F, for r^s, LrOs = (24) 

As a matter of convention, for exterior products we use that 


ai A • • • A aniXi, ■ ■ •, A„) := det(ai(Aj)). (25) 

In particular, 9 A 9i = 9 g 9i — 9i iS) 9. From the definitions and (p^, 

A = Fi - ^{9 A 01 + 02 A 03 }. (26) 

Now we have successively, using d9 = 0, dFr = 9 A Fr and formula (^0|): 
dFi = dFi-i{d0A0i-0Ad0i + d02A 03 - 02 Ad03} 

= dFi - i{-0 A (0 A 01 - Fi) + (0 A 02 - F2) A 03 - 02 A (0 A 03 - F3)} 

= i{0AFi-20A02A 03 + 03 AF2-02AF3}. (27) 

IidFi = ^ ^iFi — 201 A /i02 A /i03 + /i03 A I 1 F 2 — /i02 A /1F3} 

= 2^^^ A Fi + 02 A F2 + 03 A F3 — 201 A 02 A 03}. (28) 
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The above formula is symmetric in the indices 1,2,3. Due to Proposition g is an HKT- 
metric. 

We prove the assertion on potential one-form by demonstrating that any locally defined 
function / with df = 9 is a potential function. 


dif = 


hdif = 


dihdif = 


On the other hand 


^{df - ihdf) = ^{9- ih9) = - i9i), 

^{129 - i/ 26 ' 1 ) = ^{92 + i9^), 

^{d92 + id92, — i/id(/i 02 + i/ 1 ^ 3 )) = ^('^ 6*2 -|- id9^ - ilid{93 
^(0 A 02 - T 2 + i(0 A 03 - Fs) - i/i(0 A 03 - F 3 ) - /i(0 A 02 
-^(^2 + iFa) + ^(6* + i0i) A (02 -/ i03). 

, Fr = Fr — ^{0 A 0r -|- 0s A 0*} implies that 


- i02)) 
-F 2 )) 


F 2 + iF^ = F 2 + iF^ ~ 2^^ F i0i) A (02 -|- i03)- (29) 

It shows that the function /* satisfies the condition in (|^. q. e. d. 

Next, we investigate the geometry of the Lee field with respect to the geometry of the 
HKT-metric g and its associated HKT-connection D. The following result can be found in 



Proposition 15 Let V he the vector field dual to the parallel Lee-form with respect to the 
locally conformally hyperkdhler metric g, then the algebra {P} © {/iP,/ 2 I/,/ 3 P} is isomor¬ 
phic to u(l) ©su(2). Moreover, 

Cylr = 0 , Cyg = 0 , Ci^yg = 0 , Cj^ylg = (30) 

To understand the relation between HKT-geometry and the Lee field P, we need to 
describe the behavior of the Lee field with respect to the forms 0 and 0^. 

Lemma 16 Let V be the Lee field, 9r = Ir9 for 1 < r < 3. Then 

Cy9 = 0 , Cy9r = 0 , Ci^y9 = 0 , Cj^ydg = e'’®* 0 t. (31) 

Proof: The Lee form 0 is invariant along its dual vector field because it is parallel with 

respect to the Levi-Civita connection of the locally conformally hyperkahler metric g. The 

forms 9r are invariant with respect to the Lee field because the Lee form is invariant and 
the Lee field is hypercomplex. 
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Next, for any vector field Y, 


{Ci^ve)Y = irV{e{v)) - e{Ci^vY) = irVg{v, y) - g{v, [irV, y]) 

= g{VuvV, Y) + g{V, Y^vY) - g{V, [IrV, y]) = g{V, Vj^yY - [IrV, y]) 

= g{V,YY{IrV)) =Yg{V,IrV) - g{VYV,IrV) = 0. 

It follows that Ci^yO = 0. This equality is combined with Ci^ylg = to yield the last 

one in this lemma, q. e. d. 

Due to Lemma we learn the following. 

Theorem 17 The potential 1-form for the HKT-metric g is parallel. 

Proof: The tensor + ^3 is invariant with respect to the given vector fields due 

to the last lemma. As Cyg = 0 and Cj^yg = 0, the vector fields V, IiV, I 2 V, I 3 V are Killing 
vector fields of the HKT-metric g. By Lemma the vector field V is parallel with respect to 
the HKT-connection D. Since D is a Riemannian connection, the dual 1-form 6 is parallel. 

q. e. d. 


3.1 Additional examples of HKT-spaces with parallel potential 1-form 

Once we construct HKT-spaces with D(2, 1; —l)-symmetry, we can generate new examples 
through direct products. Indeed let (Mi, gi, Ir^^), {M 2 , g 2 , Ir^^) be two locally conformally 
hyperkahler manifolds with parallel Lee forms. Then gi are HKT metrics with special 
homotheties Vi, i = 1,2. On M = Mi x M 2 consider the product metric 

a = \{'^ih+'^ 2 h) (32) 

and complex structures Ir = {I^\l^'^). This geometry on M is HKT, since 

and c = —drFr = —IrdFr = -|- 7r2C2) is independent of r = 1, 2,3. Let 

= (Id, y 2 ), 0 = ^(7ri*0« + ( 33 ) 

Then V generates a D{2, 1; —l)-symmetry, since this is true of Id and Id- Moreover, 0 is a 
potential 1-form. Note that the normalization of g has been chosen to fit with conventions 
of the next section. 


11 


4 Relating Torsion S-Forms and Potential l-Forms 


The past section demonstrates that locally conformally hyperkahler manifolds with parallel 
Lee form generate HKT-spaces with D(2, 1; —l)-symmetry. In this section, we demonstrate 
that the latter type of geometry is more general than the former. This is achieved through 
an analysis of the torsion 3-form. 

Consider now an HKT structure obtained from a locally conformally hyperkahler metric 
with parallel Lee form. The torsion three-form is given by the following lemma. 

Lemma 18 The torsion three-form is determined by 9 as 

c = —{01 A Fi §2 /\ F 2 9s /\ — 26i A §2 A 9s) (34) 


Proof: To calculate the torsion 3-form when the HKT-structure is generated by a locally 
conformally hyperkahler structure, we recall 9 = ^9. Next, we write equation as 

Fi = Fi + 2{9 A0i + 92A9s). (35) 


Then from equation (28), we have 

c = —IidFi = — — {9i A Fi -\- 02 A F 2 + 9s A Fs — 29i A 02 A 9s) 

= -(01 A A + 02 A F 2 + 03 A F 3 - 201 A 02 A 9s), 
as claimed. Thus the torsion is an inhomogeneous cubic function of the one-form 0. q. e. d. 


The torsion three-form c determines a torsion one-form r by 


^ 4m 

t{X) = 2 c{IrX, ei,Irei). (36) 

i=l 

The HKT condition ensures that r is independent of the choice of F, r = 1,2,3 Under 
the current constraints, 

T{X) = {2m-l + \\9f)9{X). (37) 

Thus 9 = Xt, where A is the unique real (and positive) solution to the cubic equation 

A(2m - 1 -h A^) = 1. (38) 


On an arbitrary HKT manifold, whose torsion one-form is non-zero, one may always find a 
one-form 0 satisfying (^). By rescaling 5 by a homothety, we may ensure that ||0|p = 1/2 
at some base point. With these conventions we call 0 a normalized torsion one-form of M. 
We say that an HKT manifold M is of cubie type if its torsion three-form c is related to the 
normalized torsion one-form 0 by equation (34). 

Let V be the vector field dual to 0 via g in this normalization. Then 0 = g(V, ■) and 


g{y,V) = -, or equivalently, 0 (U) = 


1 


(39) 
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Theorem 19 Suppose {M, g, Ii, I 2 , 13 ) is an HKT manifold with a normalized torsion one- 
form 6 . If the torsion c is given by 

c = —{9i A Fi + 02 F 2 + 03 A -F3 — 201 A 02 A 03} ( 40 ) 

and the dual vector field of the torsion 1-form generates a D{2,1\ —l)-symmetry, then 

5 = 5 + 2{0 (g) 0 + 01 (g) 01 + 02 (2) 02 + 03 < 8 ) 03 } (41) 

is locally conformally hyperkdhler with parallel Lee form. 

Proof: We first compute the derivatives of 0 and Or- Let V be the dual vector field of the 
1-form 0. By definition of symmetry and Lemma H], V is parallel. By Lemma we have 

dB{X,Y) = ciV,X,Y), ei(X,Y) = c{hV,X,Y). (42) 


The form of c now gives 


dOi = -QA-0iAFi(/iF,-)-02AF2(/iy,-)-03AF3(/iF,-)-02A03) 

= + 0 A A - A A A = + ^{0 A 01 02 A 03 } - ^0 A 01 ^02 A 03 

= -If. + Ioao., 


where 0 = 
derivative 


20 and Fi = g{Ii-,-) is given by (p 6 [). Thus Fi 


0 A 01 — dOi and this has 


dFi = d{e A 01 - d9i) = -0 A d0i = 0 A Fi. 


(43) 


As similar equations hold for F 2 and F 3 , we conclude that g is locally conformally hy- 
perkahler. The Lee form is a constant multiple of 0, which is closed and hence parallel. 

q. e. d. 


The condition on the structure of the torsion three-form is rather strong. However, 


this is a necessary condition. The example in Section |3.1| demonstrates that the existence 
of Z)(2,1; —l)-symmetry itself does not necessarily come from a locally conformally hy- 
perkahler manifold. This is consistent with the fact that in general the product of locally 
conformally Kahler manifolds is not necessarily locally conformally Kahler. In fact, the tor¬ 
sion of the example given in Section is not of cubic type. If we consider the case where 
each factor is locally conformally hyperkahler, put g = 5-|-2{0(g)0-|-0ig)A + 02®02 + A® 03 } 
and 0 = 20, the Kahler form Fi is equal to 

- (a + 7rJ0(^) A 7r^0f ^ A 7r^0f ^ A -k19^^'^ + ^0® A 7rJ'0j^^ 
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so 


2dFi = A pi^) 

-7rJ0(i) A 7r^(0(2) A ^) + 7r*(0(^) A - F^^^) A 7r*0® 

-Trie^2^ A 7r^(0(2) A 0® - F^^) - ^ ^*(^(1) ^(i) _ ^a)) 

+7r^(0(2) A 9^2^ - Ff ^) A ^ A 7ri*(0(i) A - F^^'^) 

/ 20AFi, 

since the expression contains non-zero terms involving for example tt^f!^^ and terms such as 
0(1) A Ff^ occur with the wrong coefficients . Thus g is not locally conformally hyperkahler. 


Remark: There is an alternative way to see when an HKT-space with F(2, 1; —l)-symmetry 
will generate a locally conformally hyperkahler metric using the transformation of the last 
theorem. Suppose that the dual vector field of a closed 1-form 0 is a F(2,1,; —l)-symmetry 
on an HKT-space. Now we do not assume that the torsion of the HKT-space is of cubic 
type. Define 0 = 20. By Proposition 11, —0 is a potential 1-form for the HKT metric g. 


Again, consider the Riemannian metric (41). Due to the choice of V, 0 is the dual of the 
vector field V with respect to the metric g. Define ® ^ ® + ^2 ® 02 + 03 ® 03- 

Then for any vector fields X and Y, when rst is a cyclic permutation of 123, 


go{IrX,Y) = (0A0, + 0, A0i)(A,K). 

Therefore, F^ = F,. -|- ^(0 A 0^ -|- 0^ A 9t) = Fr + 2(0 A 0^ -|- 0^ A 9t). Since —0 is a potential 
1-form, 

Fr = -^{dOr + ds9t) = -^(c^0r “ hdOr) = -^(c?0r “ hdOr). (44) 

It follows that 

Fr = — — [d6r — Isd6r) + —{6 A 6r + Og A 9t) = — — {(d9r — 9 a 9r) — Is(d9r — 0 A 9r)} 

and = —-{((i0r. — 0 A 0r) —/t((i0r — 0 A 0r)}. 

Therefore, Fr = —{d9r — 9 A 9r) if and only if for s ^ r, Is{d9r — 0 A 0^) = —{d9r — 9 A 0^). 
On the other hand, we check that Ia{d9a — 6 A 9a) = d9a — 9 A 9a. The conclusion is the 
following observation. 


Proposition 20 The metric g is a locally conformal hyperkahler metric with parallel Lee 
form 9 if and only if for all s ^ r, Is{d9r — 9 A 9r) = —{d9r — 9 A9r). 

Remark: An HKT-structure is said to be strong if the torsion 3-form c is closed |^] [p. We 
calculate exterior differential of the torsion 3-form when the HKT-structure is generated by 
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a locally conformally hyperkahler structure. We continue to use the notation in Lemma p^ . 
With the aid of (|l^ and (^), 

dc = —^{d 6 i A Fi + d 62 A F 2 + dO^ A F^ — 9i A dFi — 62 A dF 2 — O 3 A dF^ 

—2d0i A 02 A 03 + 201 A (i02 A 03 — 20i A 02 A dO^) 

= i ((Fi - 0 A 01 - 02 A 03)^ + (F 2 - 0 A 02 - 03 A 01)^ + (Fg - 0 A 03 - 0i A 02)^) . 

This formula demonstrates that the restriction of dc on the quaternionic span of V is 

equal to zero. On the quaternionic complement it is equal to 


-(Fi A Fi + F 2 A F 2 + F 3 A F 3 ). 


(45) 


In particular, it shows the following observation. 


Proposition 21 If M is a locally conformally hyperkahler space with real dimensional at 
least 8, then the associated HKT-structure g is never strong. 
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